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suMMARY

Onthebasisoflinearizedsupersonic-flowtheory,ananalysiswas
undertakentodeterminethepressuredistribution,spanloading,and
rolJingmomentdueto .wmalJ_anglesof sideslipat supersonicspeedsfor
a seriesofthin,sweptback,taperedwingswithwingtipsparalleltothe
sxisofwingsynnnetry.ThreebasicseriesofMachnuuiberandplan-form
coribinationsareconsidered,allofwhichhavesupersonicbailingedges “
inconjunctionwithoneofthefollowing:(a)bothleadingedgessub-
sonic,(b)oneleadingedgesubsonicandoneleadingedgesupersonic,
and(c)bothleadingedgessupersonic.InadditiontotheWch nuniber
limitationresultingfromthesupersonic-trailing-edgecondition,the
tipMachlinesmaynotintersectonthewing.

Resultsobtainedfortheconfigurationwithbothleadingedgessub-
sonicincludeformulasforthepressuredistribution,spanloading,
rollingmoment,Wd thecorrespondingstabili~derivativeC2 . For

P
cotiigurationswitha supersonicleadingedge,formuMsforthepressure
distributionare”presented.

Calculationscoveringa rangeofaspectratio,taperratio,kch
number,andleading-edgesweepbackare
leadingedgessubsonic.KU thewings
of Ct forpositiveanglesofattack

P
negativesinglesofattack.

presentedforwingswithboth
treatedshowednegativetiues
amdpositivevaluesof cl for

P
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INTRODUCTION
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.1 I

.-

A numberofpapersdealingwiththetheoreticalcalculationsof
st.abi~tyderivativesforthinisolatedwingsat supersonicspeedshave
beenpublishedtodate.Wingplanformsthathavebeentreatedindetail
includetherectangdar,trapezoidal,triangular,andmodified.formsof
thetriangularwing. (See,forexample,refs.1 to10.) An important
groupofplanformsforwhichthereareasyetincompbtedataconsists
ofthesweptbacktaperedwingwithwingtipsparalleltotheaxisof
wingsymmetry(usuallytermed“streamwise”tipsforwingswithzero
sideslip).TheMft-curveslopec~ iscoveredindetailinrefer-

encesU.to15;thedamping-in-rollderivativeCZ inreferencesU,
P

I-2,I-6,and17; thedampingdueto steadypitching(stabil.i@deriva-

‘im %) inreferences17to 20;thepitchingmomentduetoangleof

(attacks&bild@ derivative&) inreferences13,18, and20;the
liftduetosteadypitchingstsbili~derivativeC

(
and20.

~) inreferences18
Someresultsfor& liftandpitching-momentderivativespro-

ducellby constantverticalacceleration
(% ● nd.

%x)
arepresented

inreference21. References22 and23treatthelateralforceandyawing

(
momentdueto steadyrollingstabilityderivatives~ and .

P %)
,-

Thepresentpaperispr3marilyconcernedwiththerollingmomentdue

(
to sides~p stabili~derivativeCZ Reference24 treatsthisderiva-

P)“

(tive ~“ alsotheyawing-momentderivative(+) by meansoftheconical-

flowtheoryaspreviouslyutilizedinreferences’1.3,16, and19forother
derivatives.me analysisgiveninreference24appliesspecificallyto
thatfamilyofplanformsforwhichalledgesaresubsonic,althoughthe
equationsmay-o be app~edtowingswithsubsonicleadingedgessad
supersonictraillngedges.Thedevelopmentthereinisquitecomplexand,
asa result,calculationsarepresentedforonlytwoplanforms.

Thecombinationsofwingplanformand&ch numberconsideredherein
allhavesupersonictrai13ngedgesinconjunctionwithoneofthefol-
lowing:(a)bothleadingedgessubsonic,(b)oneleadingedgesubsonic
andoneleadingedgesupersonic,and(c)bothleadingedgessupersonic.
A minorrestriction(which,forpracticalconfigurations,materially
limitstherangeofMachnumbersforverysmallaspectratiosonly)is
thattheJiach”linesemanatingfromthewingtipsmaynotintersecton
thewing.

Fortheconfigurationwithbothleadingedgessubsonic,anapproxi-
mationbasedonEvvard’sapproach(ref.25)forthetipregionisutilized

—— —.. - - —.—- .—— .——.- .—. ——--—
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inconjunctionwithconical-flowresultsfortheremainingwingregion.
(Seerefs.u and18foranalogoustreatmentof otherwingmotions.)
Formulasforthepressuredistribution,spanwiseloading,andforthe
stabilityderivativec1B arederivedasfunctionsof-winggeometry
andMachnumber.Numeri&lresultsarepresentedintheformofgraphs
showingillustrativespsmwiseloadingsandthevariationofthederiva-
tive Cl

$
withMachnumberfora rangeofaspectratio,taperratio,

andleading-edgesweepback.
.

Forconfigurationswitha supersonicleading‘edge,expressionsfor
thepressuredistributionsrederivedforallwingregionsby usihg
Evvard’smethod(ref.26).

SYMBOIS

v

M

P

B

%

@

CY

“b

Cr

A

free-streamveloci~

free-streamMachnumber,V/Speedof sound

Mch angle

cotangentofWch angle,G’

densityof air

localpressuredifferencebetweenupperandlowersurfaces
ofwing,positiveinsenseoflift

pressurecoefficient,
IAP +pvz.

perturbationvelocitypotentialevaluq.tedonuppersurface
of

Wihg

wing

wing

chordat spanwisestationy

spaQ

rootchord‘

taperratio,

aspectratio,

Tipchord
Rootchord

.- .— -.- ..—- —-.. .. -— ——-—. _ -—-————___ ._ ___ _ ___ ___ _ ~- _ - ____ _
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s

n

4

‘nj

.
wingarea

nondimensionalspnwisecoordinate,~
b/2

valueof n at spazmdsestationwheretipMachlinefrom
lefthalf-wingintersectstrailingedgeof lefthalf-wing,— —

4 B2+~
_ 13+

B B2 + ms

~ + B(l- m3)

valueof n at spamwisestationwheretipMachlinefrom
righthalf-wingintersectstrailingedgeofrighthalf-wing,

F+::;; -A(,:.) ,

B B2 - m3

~ + B(l+ m3)

a angleofattack,radians

B angleofsideslip,~sitiveasshowninfigure1,radians

E anglebetweenleadlngedgeofwingandaxisofwingsymmeti
(seefig.1)

A leading-edgesweepback(seefig.1)

5 anglebetweentrailingedgeofwingandaxisofwing
symmetry(seefig.1)

ml =Btan6

~=Bt@

2~tan6 llml
a geometricparamterofwing, b = AB(l+ x)

-. .-— ——..———— .-—. ——..---- .—.——c.. —
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.

% areaof integration

Btan(c+f3)-1kl =
B tan(e+.~)+ 1

Btan(G-~)+1~=
Btan(c-P)-l I

l- Btsn~
%= l+ Btan~

Mbc =
2(COS~ +B sin~)

d= M-b
2(COS@ - B Sill~)

P@ PI,. . .P4 specificpointsusedinappendixes

X,y, rectangularcoordinates(seefig.1)

s,t rectan@bmcoordinates(seefig.3)

s’.) t’ rectangdsxcoordinatesofsourcepoints

u,-v obliquecoordinates(seefig.5)

+, ~~ obliquecoordinatesoffieldpoints

rollingmoment

airfoil-section
pm
Jliftcoefficient,~ Cpax

%IE

wingro~g-moment coefficient,L’/~PV%

()&lSj7p-+o
P

(1
y
.

..-. . .. . .. ,.—-.—–—.. ——......— —— .—_ .- —__ —— _— .. . . .._ ._. _ _- . . ....— .. —.- —
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E’(ml) completeellipticintegralofsecondkindwith

-tiw =, ~’2J’ - (’- “1’)’~” ‘z

WhenthesubscriptsI,II,. . . ~ areusedona syribol,they
indicatedifferentwingregions.ThesymbolsLE and TE referto
leadingedgeandtiilingedge,respectively.

AIWGYSIS.

Scope

Thegeneralplanformconsideredinthepresent
‘ infigure1;notethatthewingtipsareparallelto
symmetry(usuaUyreferredtoasstreamwisetipsfor

paperissketched
theaxisofwing
wingswithzero

sideslip).Theanalysisisstijecttotheusualrestrictionsandwell-
knownImitationsoftheMne=ized supersonic-flowtheorythatare
applicabletowingsthathavevanishinglysmallthiclmessandzero
camber,thatis,thinflatplates.

TherangeofMachnumibersconsideredpermittheinclusionofaU
planformsprovidedthatthetraili~edgeissupersonicandthatthe
tipIv&chlinesdonotintersectonthewing. A generalideaofthe
typesofylan-form-ltachlineconfigurationsthatme permittedmay
be obtainedfromfigure2. Theseconfigurationsmaybe dividedinto
threegroups:(a)bo+hleadingedgessubsonic,(b)oneleadingedge
subsonicandoneleadingedgesupersonic,and(c)bothleadingedges
supersonic.

Fortheclassofconfigurationswithbothleadingedgessubsonic,
expressionsarederivedforthepressuredistribution,spanloading,
rollingmoment,andstabili~derivativec~ . Numericalresultsforthe

P
spanlosilingandstabiliwderivativearepresentedingraphicalform.
Inasmuchasfurthercalculationsmsybe desirable,itisusefultoknow
thepermissibl&rangeofgeometricparametersandhkchnumberforwhich
theseaforementionedderivationsarevalid.Whenexpressedexplicitly
asmathematicalrestrictionsontheparameterB cotA, theconditions

.

ofsubsonicleadingedges,supersonictrailingedges,
lineintersectionsonthewingaregivenasfolhws:

&d no tipMach

.

1
.

--—————— ---
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For AB(l + A) ?
I

JIB(1+

I

I

I

t

. .

.

A)(l+ B tan 13)
~Bcot A<l-Bt.m B-tan Eicot A

4(1- k)(l+Bti P)+ A(l+h)(B - *P).

AB(l+X)(1+ B tan ~)
~Bcot A$

AB(l + X)(l+B ‘canf3)

4(1.-L)(l+B tiP)+A(I+A)(B - *P) 4(I+ Bti P)- A(l+A)(B-ti P)
.

For the classes of configurationswith one or both Imding -es supsonic, expressions
are derived for the pressure distribution.

N-l.formulas @ expressions for pressure d.iatrilmtione,span loadings, and momnte are
given in a body system of axes (see fig. 1). The resulting stabiltty derivative cl

P
.W be

used directly in stabili~ calculationswithout recourse to transfer t%$ms inasmuch as the
derivative baa the same va3iIQin either body or stability systems of ma -&Jthe secod order
in CL (the an@e Of attack).

General Considerations

The analysiE Is based on either exact or approximate solutions for the disturbance-veloci~
ptential that satisfy the well-known requirements for linearized flow. (See ret. U. for details
regarding the approximationused.)

Consider a tldn wing at an angle of attack in a sideslippingmtion. -Thedlsturbance-
velocity potential # may be expressed relatim to axes alined with the stream (UMMJY referred +
to as wind axes) or with respect b axes that are fixed in the bcdy (body axes). As indicated
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( ii)“ ‘-’”’U’’”inreference4,forsmallanglesofsideslip19<<

equationforthevelocitypotentialhasthesameformrelativetoeither
systemofaxes.‘Thepotential.expressedrelativetowindaxesisa func-
tionof thesideslJpangle ~,whereasthepotentialexpressedrelative
tobodyaxesisindependentof sideslip.Thedistributionoflifting
pressure& isexpressibleintermsof theperturbationvelocities
evaluatedon theupperwingsurfaceasfollows:

Forwindaxes(seefig.3)~.

%AP=2pv—
as

(1)

andthechangeinpressuredistributionwithsideslipresultsfromthe
change.inthepotentialfunctionwithsideslip.

Forbodyaxesandsma12sideslip(seefig.3)thefollowingapproxi-
mateexpressionfor Al?isvalidforwingsorportionsthereofthatsre ‘
sweptbehindtheleadingMachconeandarenotinfluencedbywing-tipor
traillng-edgedisturbances:

AP
\dx Qy/

pressuredistributionwithsideslipresultsfromtheterm

@ forthisapproximationis independentof sideslip.The

.

expressionfor @ inthiscaseisexactlythatobtainedforangleof
attackintheabsenceofsideslip.

Forthewingconfigurationwithbothleadingedgessubsonic,ithas
beenfoundprofitabletoutilizebothsystemsofaxesindeterminingthe
pressuredistribution.Forthewingswithoneorbothleadingedges
supersonic,thewind-axessystem(eq.(1))hasbeenusedexclusivelyto
obtainthepressuredistribution.Afterthepressuredistributionis
bown, appropriateintegrationswilJyieldthespanwise-loadingparameter

(3)

n

-—— —— .—
_..— ——-.—— --. .—---____ .—. —.
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rolling-momentcoefficient

Thestabilibderivative

both

1JT/2.—
Sb Cpyaxdy

-b/2 LE

c~ isthenreadilyobtained:
P

DetailedConsiderations

9

(4)

(5)

Wiw tith bothleadingedgessubsonic.- Fortheconfigurationwith
leadingedgessubsonic(seefig.4),thewingisdividedinto

threeregions,oneregionexternaltothetipMachcones(regionI)and

twotipregions(regionsIIandIII).ForsmaH sideslipangles(’‘< i)>
equation(2)isutilizedtoobtainthepressuredistributionforregionI.
(Equation(1)isalsoapplicable,buta simplerexpressionequallyaccu-
ratetothefirstorderin ~ isobtainedby useofthebody-axes
system.) Inthetipregions,thewind-axessystemisused(eq.(l)).
An approximationforthevelocitypotential(basedonEvvard’smethod,
ref.25)whichwaspreviouslyusedinreferenceU ismodifiedtotake
intoaccountthesideslipcondition.Separatederivationsarerequired
forthetwotipregionssincethewingtiyofregion11actsasa leading
edgewhereasthewingtipofregionIIIactsasa trai~ngedge.Thus,
thepressurealongthetipofregionIIbecomesinfinite,andthepres-
surealongthetipofregionIIImustbe zeroaccordingto theKutta-
Joukowskihypothesis.

ExpressionsforthepressuredistributionarederivedinappendtiA
forthesethreeregions.Figure5 istobe”usedinconjunctionwith
thesederivations.

ThepressuredistributionshavebeenanalyticaHyintegratedto
yieldthespanloadingandtherollingmoment.Thestabilityderiva-
tive C~ hasabo beenobtained.Theresultingexpressionsarepre- ‘

P
sentedinappendixB. Valuesof thee~ptic functionE’‘(ml)(which
appesrsinsomeoftheequations)areobtainablefromfigure6.

Wingwithoneleadi~edgesubsonicandoneleadingedResupersonic.-
Thewingwithoneleadingedgesubsonicandoneleadingedgesupersonic

. --- ——...-. —. .—. .——— .—_________ —— —. ..—— ——. —.. —
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iS showninfigure7. Derivationsof theyressuredistributionforwing .
regionsIVtoVIIIarebasedonthemethodofreference26andarepre-
sentedinappendixC. Thepressure-distributionequationforregionII,
previouslyderivedinappendixA, isalsopresentedinappendixC (in
thenotationusedforthesupersonic-leading-edgeconfigurations).

wingwithbothleadingedgesupersonic.-Figure8 presentsthewing
withbothleadingedgessupersonic.Notethat,althoughtherearenine
wingregionstobe considered,theresreonlysixregionsremainingthat
requirethederivationofpressures;thepressuredistributionfor
regionsIV,VI,andVIIIhavealreadybeenobtainedinappendixC. The
derivationofpressuresforregionsH toXIVbasedonthemethodof
reference26arecarriedoutinappendixD.

Itshouldbe notedthatconfigurationswithotherMachlineand
plan-formconibinationsandwithoneorbothleading.edgessupersonic
arepossible.U wingregionsofsuchconfigurations,however,are
merelyduplicatesofthosealreadytreatedinappendixesC andD. (For
exsmple,seefig.9.) Thus,thepressuredistributionisobtainedfor
thesewingsby choosingtheappropriateformulasfromappendixesC andD
forthevsriouswingregions.

DISC@SIONANDPREXMMTIONOFRESULTS .

Thederivationsgivenina~endixesA, C,andD enablethecalcu- ,.
lationof thepressuredistributiondueto smallsideslipfora given
wingprovidedthewingtrail@ edgesaresupersonic,thewhg tipsare
parallelto theaxisofwingsymnetry,andthekch linesfromthetwo
oppxitesideedgesdonotintersectonthewing. Ashasbeenpreviously
indicated,thereare14possiblewingregionsformedby l.kchlineand
wing-edgeboundarieseachofwhichrequiresa separatederivationforthe
pressures.Ifthepressuredistributionisdesiredfora giventig, the
wingmwt firstbe subdividedintothevariousregions.(Forexample,
seefigs.4,7, 8,and9.) me appropriatepressure-distributionequa-
tionmustthenbe usedtocalculatithe~ressureineachregion.For
convenience,anindextotheseequationsisgivenintableI.

Thewingplanformwithbothleadingedgessubsonichasbeentreated
indetail.Thepressuredistributionhasbeenanalyticallyinte~atedto
yieldthespsmloadingandtherollingmoment.Differentiationthen
yieldedthestabili~derivativec~ . Basedontheequationspresentid

P

,.

inappendixB, computationshavebeencsrriedoutfora numberofplan
formsatvariousWch numbers.

Someillustrativevariationsoftb.espanloadingfor P = 0°,2°,
5°,and10° atMachnuribersof1.2and1.5arepresentedinfigures10
smdIl. ItwllJbe notedthatthereisa moreor lessabruptchangein

.

-—. -.
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slopeatthosespanwisestationswherethetipMachconesintersect
thewingtrailingedge. ‘l%isdiscontinuityinslopeisduetothe
abruptchangeinpressuresacrosstheWch coneboundary(seerefs.U
and13).

Variationsof thestabilityderivative% B withMachmxiberare

presentedinfiguresu to 16forfamiliesofas ofasyectratio2,
3, 4, 5,and’6.Allthewingstreatedshowednegativevaluesof.Czp
forpositiveanglesofattackandpositivevaluesof %p. fornegative

anglesofattack.
f-

CONCLUDINGREMARKS .

Onthebasisof linearizedsupersonic-flowtheory,equationsfor
thepressuredistributionhavebeenderivedforthin,sweptback,tapered
wingssideslippingata constantangleofattack.’15eanalysisisappli-
cabletoplanformsforwhichthewingtipsareparallelto theaxisof
wingsyme@ andatsupersonicspeedsforwhichthe~ trailingedge
issupersonic.A minorrestrictionisthattheMachconesemanating
fromtheoppositesideedgesmaynotintersectonthewing.

Theplanformwithbothleadingedgessubsonichasbeenanalyzedin
detail.Equationsforthespanloading,rollingmoment,andthecorre-
spondingstabilityderivativec~ havebeenobtained.Illustrative

P
spanloadingsandvariationsof thederivativeCz

P
withBkchnumber.

arepresentedfora nmber ofwings.

IangleyAeronauticalLaboratory,
NationalAdvisoryCommitteeforAeronautics,

IangleyField,Va.,November21,,1952.

. . . ---- . . . . —., .—. -.. .———. —.——. __. -.-_.—~— .——- .—— .... .. .. — ---- . — .. .-—. . —
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APPENDIXA

DERIVATIONOFEQUATIONSFORTHEPRESSUREDISTRIBUTION

FORW12?GSWITHBOTH12EKDlITGEDGESSUBSONIC

Equationsarederivedforthepressuredistributionsforwingswith
bothleadingedgessubsonic.!15eplanformunderconsiderationisshown
infigure4.

RegionI.-As givenby equation(2),
regionI is

theexpression

)

@I

T

for & for

“(Al)

)
I

where #T isthevelocimpotential-applicabletoawing atanangle
ofattac~in theabsenceof sideslip.Fromreference4, thevelocity
potentialevaluatedattheuppersurfaceofthewingis .

@=. V.L==7
E’(Btane)

. .

(M)

% ~dTheperturbationvelocities—
ax

by differentiation

% .V tan2e—=
ax E’(Btan6)

@I “
arethenreadilyobtainable

7

&

(A3)

and

WI Cd/ -Y—=
& E’(Btane)~~

(A4)

.

——. - ..—. —.. .—— — — — -— .— —y.. --
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Substitutionofequations(A3)and(Ah)intoequation(Al)and
divisionby 1 V2 yieldsthepressure-distributioneq~tion2P
ficientform:

(%) (.m)~ ~ Xtan%tpy=— =
I * pvz E’(Btanc)~~-

in coef-

13

(A5)

RegionII.- Itmaybe shownfromreferences25andI.1thatthe
velocityptentialevaluatedattheuppersurfacefora wingata con-
stantangleofattackmaybe approximatedas

J@(s)t)= ~ ds’dt’ (A6)
Yt

% /(s - E/)z -Bz(t -tt)z

where E$7isa definedregionof integration,s’,t’ aretherectan-

X coordimtesof source points, and s,t aretherectangularcoordi-
natesoffield@.nts atwhichthepotentialisdesired.Thes-andt-axes
(whichcorrespondtothex- andy-axesusedinrefs.25~d 26)me ~
axes;thes-axis.isdinedwiththefree-streamvelocityvector.Evvard
(ref.25)founditconvenienttouseonobliqueU,V coordinatesystemin
whichlinesof constit u andconstantv sxeparalleltothekch lines.
The U,V systemisrehtedto the s’jt’syst~asfollows:

s’= ;(V+u) 1V=+&’ +Bt’)

t!s#v_u) U=%(S’ -Bt’)

S’:(% +%) vw=~@@

‘1

t = *(VW-%) ~ . A(S- Bt)

ds’dt’=~dudv ,
l.?

J

(A7)

. . . .. -—-.. . ... ____ .__. ___ . ... . ._____ . . .. ____ —.— —.——..—. .-.--.———.
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Iuthe U,V notation,equation(A6)

q%%) =~JSw

becomes

dudv

J(N -u)(%.- v)

and,whenappliedspecificallytoregionII,is .

NACAQ 2898

.

(A8)

.

(A.9)

Informationpertinenttothelimitsofintegrationandaxesnotationis
giveninfigure5.

Performingt% integration&dicatedinequation(A9)yields

Differentiationwithrespsctto s maybe carriedoutasfollows:

ltromeqyatio~(A7),
.

%M—=—
.“as2B

I
&v ~J—=—
as 2B

anddifferentiationofequation(AIO)leadsto

- w#’& Aftertheindicatedoperations

(Alo)

(All)

(Au)

expressionsfor @rII%
areperformedandsome

.,

1
1

f
*,

t

——
—..—. .- —.— .—–.- —.—..—. . ..— —
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siqil.ificationismade,thefollowingexpressionfod

i’-.’3)/S

l-s

W+ re@t8:

● Itisconvenienttoexpressequation(A3.3)intermsofthebmiy-axes
variablesx and y andwinggeometry.Thevariables~ and Vw
maybe transformedinto s and t bymeansofequations(A7). The
variabless and t areinturnrelatedto x and y by therotation-
of-sxesformulas

}

S=xcc)sp.-ysinp
(A14)

t=xsinp+ycosp

Conibinationofthetwotransformationsgivenbyequations(A7)~ (A14)
yields

M COS ~
%= ~~

‘}

~(1-13twI p)- Y(B+t431113jJ

(AM)
M COS ~

‘W = 2B [ 1x(l+Btm 9)+y(B-tan~)

Theconstantsk2, ‘3)and d. areexpressibleas

1

<=1Btan(G-f3)+l
Btm(G-f3)-l I

1 -Btan~‘3=
l+ Btan13

/

d= Mb
2(COS@ - B Sti ~)

J

+

(4Q3)

, (u6)

-—.—. .. . . . .— ____ ___ -. ---— -—-- ---- .—.—.—. - —_—. .



Itmaybe notedthat,forallequationspresentedinbothappendixesA
andB andforallequationspertainingtowingswithoneleadingedge
subsonic,theconstant~ maybewrittenas

k2=
l+ Btan(E-13)
1- B tan(~- ~)

Whentherelationsgivenby equations(A15)and(Ki6)areused,the
expressionfor ~~~ givenby equation’(A13)maybe rewrittenas

l?romequation(l),

%1(AP)ll= 2pv~

or “

(%)
4 @**”-=——

11 Vb ,
(u8)

Substitutionofequation(A17)intoequation(A18)@elds

t-

L

T

J )b—-

1

y(l+tanetmp)
~(~ - P) 2 (A19)

Xtan.e+y

.

If+,
It

——-..—— ——. -- . . . . . . —-
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RegionIII.- Thederivationof thepressuredistributionfor
regionIIIisanalogoustothatofregionIIwithcertainexceptions.
Thelimitsof integrationforthepotential.are,of course,different
(seefig.5)andtheKutta-Joukowskiconditionisimposedon the
velociw wlb atthetip. (ThetipofregionIIIactsasa subsonic
trailingedgewhereasthetipof
edge.)

Neglectingfora momentthe
thefollowingexpressionforthe

regi& IIa~tsasa subsonicleading

flowconditionsatthetipresultsin
potential:

Performanceoftheintegrationindicatedinequation(A20)yields

Differentiationwith

(Ml)

respectto s (seeeqs.(All)and (AU))yields

(3k-

Inorderto satis~the

qr]I+ + klvw
(A22)

k3~w-~+c

Kutta-Joukowskiconditionatthetip,

%1 .0() . Thefirstradicalof theright-handsideofequa-
b Tip

*

tion(A22)becomeszeroatthetipwhereasthesecondradical,becomes
infinite. Reference26showsthatthepropersolutionisobtainedby
appropriatecsmcelJ-ationoftheinfinitevelo,cityatthetip. The
correctexpressionis

%11
as

givenas

.*+)J=]. (A23)

__— — ——.—— .— —.



Transformationtothe x,y systemyields

—_—

/()y+;(l- tanetanp)

I Xtan

wheretheparameterskl and c’havebeenreplacedby

(Seeequations

The

(%)III

L

c=

.

Mb r
d

pertinent

E -Y

(A24)

substitutions.)

k %11 ~~coefficient— —
Vb

&z tan(6 + p)

thenobtained

(Y+ ;)(1- tanetanp)
= v xtan e-y

tan(E+P)+l](l-Btan~)

———— -—

(A26)

——-. .—..-. —

.
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I?ORMUIASFORTHE

ANDSTABILITY

WITEBOTH

APPENDIXB

SPANILMD~G,ROILINGMOMENT,

DERIVATIXIZ!Cz FORWINGS
P

LEADINGEDGESSUBSONIC

Formulasforthespanloading,rollingmoment,andthestabi~ty
derivativeCl~ forwingswithbothleadingedgessubsonicarederived.

Spanloading.-ThepressuredistributionsgiveninappendixA have .
beenintegratedtoyieldtb.espanloadingparsmeter.

J
c#z= ‘%& (Bl)

LE

Thefollowingformulasresult:

1-

‘cOsh-l4!72J(n”+1))+.-
k(m~+.m3)kTY {f2?i-()I q

-n —+l -m,

(B2)

---- .–— .—.. .. . —————
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l?3r45n <0,

~=z.?l(m,,[~m+

mn3 -1I J+qml
cosh~

1

_—
nAB(l+ x) %“

m3n -1I 4m~ml
coshy nAB(l+ k)‘G #

For njsn~l,

* (q-.3)G

3/2

r)+n— +1 -
%2

.

(B3)
. .

-.
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where n isthenondimensional Yspanwisecoordinate— ni isthe
b/2’

valueof n at thespanwisestationwherethetipMac-hlinefromthe
leftha~-wingintersectsthetrailingedgeofthelefthalf-wing

— —

B B2 +
—+ 9
~ “B(l-m3)

21

and nj isthevalueof n atthespanwisestationwherethetip lbch
linefromtherighthalf-wingintersectsthebailingedgeoftheright
half-wing

. . —

B2.-~B. ‘4
~+ B(l+’rn3) - A(l’+ x)

B B2’-m3’ ‘
—+
~ ‘-B(1+ m3)
. .

Rollingmoment.- Appropriateintegrationofthespanloading
yieldstherolltig+nomentcoefficient . .-

Jvb/2 TE ‘, b/2
cl= ‘$ _b/2.’&

.I’
.~Y~ @ ‘-$ ‘ y’~~1dy . - (B6)

,. -b/2.. ,. ... . . .

..
wheretheminussignhasbeenintroducedtomaintaintheusu@ convention
formoments.Thefollowingformularesults: .

. .

— —--.. . . . . -—..- —— -—.—. .—. _ -————c ———. —.- .—-———



I

([=%3 [h’-%’)(%+4++’ -%’ -W%jJ%+q’(%’-%’)+%?(%.+l)(<’+%)+%!’(%’ -4
+ ““%*- ,(.’-# +

[%(%+‘] a
N
N

(Equationcontinuedonmxt page) g



— .—. .

r

(m)



S_Wili& &erivative Ct .-

letting j3 approach zero yleld6

Differentiationof equation (B7) with respect to ~ and

the EJtabilltyderivatclva CZ :
P

(Equationcontinued on next p3ge) 8

,
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1

I

E’
s
!2

1.

I

(Equationcontinued on next page)



I

ro
m

on next page) 8(Eqw.tioncontinued



—

I

I

I

I

I
,,—. (Equation
.,

continued onnex’c page)
2



I

I

I

I
I

I

I

)
I

lb~ I&atM*+l:&uc smi8ti <+1—. —+
A(L + A) i A!J(d-a tm. + 1)

-+0-=’’+m:k)
A(1+1) 1 (mt B+cqt)l?

W-totu,+lp lk?w’w’+”%%-%-b:+’:7&:=’’~’+J1 -[

i(l+dn b,)

e .ql+q +ti,(cOt%-OA)

[
(*6+-P) (mtl+dlt$-~ti~tm. -l)+ti C+d Bbid8

11
Equations(B7) and (B8) could ba simplified mmwhat but &e effort tivolved and the

resultant saving of calctition time did not appear to justify such action.

.-. . ----

●

✎✎✍ ✍
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APPENDDc

DERIVATIONOFEQUATIONSFORTHEPRESSUREDISTRIBUTIONFORWINGSWITH

ONELFADR?GEDGESUBSONICANDONELEADINGEDGESUPERSONIC

Equationsforthepressuredistributionsforwingswithoneleading
edgesubsonicandoneleadingedgesupersonicarederived.Theplanform
underconsiderationisshowninfigure7.

Theexpressionfor
onthewingisgivenby

theperturbationpotentialatanypoint(~, Vw) “
equation(A8)ofappendixA.

Ithasbeenshown”inreference26 (seepages29and30)that&e
perturbationvelocity

@ Va

z==

~/& maybe efiress=d-as- ~ ---

[

P2(u,.)
{*+ f(%).w) (cl)

PI(U).)

wheretheintegralinequation(Cl)isa lineintegralevaluatedalonga
segnentofthewingleadingedgeoredgesand f(~,Vw) isa function
thatcanassumedifferentvaluesdependingontheboundaryconditions
imposedonthef16w.Thevaluesthat f(~,vw) assumesforthepurposes
of thepresentpaperareasfollows:

(a)Forwingregionsnotinfluencedby a wingtiporby a subsonic
leadingedgeandforwingregionsinfluencedby a wingtipwher~the
Kutta-Joukowskiconditionissatisfied,

(C2)

. .— ..-. ... . . .— _ ___ . --, __._-_”_ .-_...—--— -——-. — —________ ______-- A._.._
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(b) For
wingbutnot

.

.NACATN 2898

wingregionsinfluencedby thewingtipontherighthalf-
influencedby a subsonicleadingedgeonthelefthalf-wing,

r

k3(vw- d)
Vw+

kl
(C3)f(~,vw) ‘~(1-k3) ~-k3(vw -d)

(c)Forwingregionsinfluencedby a-subsonicleadingedgeonthe
lefthallf-wingbutnotinfluencedby thewingtipontherighthalf-wing,

(d)
theleft

/

kl%++—

() %
f(W#J~w) = ~ 1 :-—

%?vw-—
%2

(C4)

For.wingregionsinfluencedbybotha subsonicleadingedgeon
half-wingandthewingtipontherighthalf-wing,

.T&z
f(%vvw) ~

(Thetermsrighthalf-wingandlefthalf-wingrefertothoseportions
ofthewhg planformthatareintie(x,y)qyadrantandinthe(x,- y)
quadrant,respectinly.(Seefig.1.))

Thepressurecoefficientisrelatedto thevelocity~/& as
follows:

orby usingequation(Cl)

[f

P~(ujv) ~v
+=45 - du

1

+ ; f(%)%) (c6)
2Bfi Pl(u,v) (TW - V)(%T - +

———. ..—. ..—— _— —.— —-— -- — ..—.—..—. -— —. .-— .—. --..
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Equation(c6) givesthepressurecoefficientinthe ~,vw coordi-
natesys@Iuwhichisrelatedto the x,y body-axessystemof thepresent
reportby equations(AM)ofappendixA. Inasmuchas itismorecon-
venienttousethebody-axessystemindeterminingloadingsandmoments,
thefinalexpressionsfor CP aregiveninthex,ynotation.

TheexpressionsforthepressurecoefficientsforregionsIVto
VIII(seefig.7)maynowbe derivedby usingequations(c6), (A15) and
theappropriatevalueof thefunctionf(~,vw) as givenby equa-
tions(C2),(C3),(C4),and(C5).

RegionIV.-RegionIVisthehatchedportionofthewingshown
below.

Point u coordinate v coordinate

PO % %

P~ % -%/%

P~ -klvw ‘w

,.

. –-. —-. .—.. .--— —- —.._. . .- .-— — .._ _____ .— —__ —_____ ___.~ _______------
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InasmuchasregionIVisnotinfluencedby eitherwingtiporby the
subsonicleadingedgeonthelefthalf-wing,theappropriatevalueof
f(~,vw) is givenby equation(C2). Whentheproceduregiveninrefer-
ence26 isfollowedandtheappropriaterelationsandlimitsaresubsti-
tutedintoequation(c6),theexpressionforthepressurecoefficientin
regionIVmaybewrit$enasfollows:

() J’‘wCp =~
Iv -~/kl

(1-tkl)dv

J(‘w - V)(UW+ %V)
(@’)

Performanceoftheintegrationindicatedinequation(C7)yields

(%) .2(/1+1 -

Iv li——rkl (c8)

RegionV.- RegionV isthehatched~rtionofthewingshownbelow.

Q

..

—. —___ . . . . . ..... .______ ______ ._ .— .-—.——.. ____.__. .. . ___ ..-—— - .–.._. _____ _. —
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I Point I u coordinateI v coordinate

I ‘o I uw I ‘w

I PI I -wwp2 ‘
I %p2

P~
I -kl~w , I

P3 I % I %rp2

InasmuchasregionV isinfluencedby a subsonicleadingedgeon the
lefthalf-wing,equation(C4)givestheappropriatevalueof f(~,vw).
Uponsubstitutionof theproperfunctionalrel.ationsandlimitsinto .
equation(c6) thepressurecoefficientisgivenas

()Cp ‘=%
v

L

I

/

kl%

(kl+ l)dv
~+—

()
%2-—

i(%+klv)(~w-v)+ 1 ,; ~w-y
%?

.

.

(C9)

Performingtheintegrationindicatedin‘equation(C9)andapplication
ofequations(A15)yields

[) ][+3 ]=(l-Btm f))-kl(l+BtanP)X- (B+tan13)+kl(B-*B)y

+(%),”%*’= -

~’~(B+”’”y “
-&l- Btm P)x+ (B-tanP)+#B+tan~)y

(m)

●
✎

✍� ✎✍✍✎✍✎✎� ✿� ✍✎✎✎� � ✎✎✎� ��✎ �✎� ✍ ✎✎ ✎✎ ✎✎✍ ✎✎✎✎✎ �✍✍ ✎✍✎ � ✍
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.

,.
RegionVI.- RegionVI isthehatchedportionof thewingshown

below.

u

w

(-d)

Point u coord~”te v coordinate

PO % ‘w

‘1 ‘% %#1.

k3(v- d)
P~ k3(vw-d)

-kl

‘3 - k3(vw- d) ‘w

‘RegionVI isinfluencedby thewingti ontherighthalf-wing;there-
fore,theappropriateformof 1f(u@w isgivenby equation(C3).Upon
substitutionof 13mitsandrelationsintoequation(c6),thepressure
coefficientinregionVI isgivenby

●

✎� �✎�✎ ✎�✎ ✎� ✎✎�✎ ✎ ��� �� �✎
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-)

Ffmeormiw

‘1

I

r}-d

()

Vw

/1

vw+k3—

(C.JW = * * “
(kl + l)dv

/(% + W)(% - v)
+ P - ‘3) ~ - lS3(7wk:d)

-%4
~

L

* integration

~kl+l
(CT)w “ – —

‘&

(cJ-l) k

indicated in equation (Cll) a.ml application of

d

equations (AL5) yields

+

i

/

()
k3

l+’—
()

~(B-tan~)y-.
‘b

kl ‘l+ Btiph+ l+kl kl COS2B(1 + B b ~)

- w 2’
r)
—- Y

COS2D(1+ B h P) 2

(C12)

I

I

(



RegionVTI.- P ~VIIis’thehatchedportionofthewingshown
below.

u

.

Point u coordinate v coordinate

PO % ‘w

‘1 -kl%/k2 %P2

k~(Vw-d).
P~ k3(vw- d)

-kl

P~ k3(vw- d) ~ %

P~ % %P2

.
.

,,

.—. ——.— —..— .. -—. .—. .— -_ .—. —— -— .—— . —.—----- .—— —---- ..-. —
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,

I

(

1
I

I
I

I

1

Region WI is influencedby Mth the wing tip on the right half-wing and by the su@onlc
leading edge on the l.efthalf-wing; equation (=) gives the proper value of f(~, vw). Substi- B

!2
tution of limits and functional rektions introequation (c6) yields

‘%)~k{&~W*Vj+$~-%/=U2~/-] “

Performance of the integration indicated in equation (C13) and the use of equatiom (A15) yields

-)~ (m)



“

RegionVIII.-RegionVIIIisthehatchedportionofthewingshown
below.

u

——
/7

Point I u coordinateI vcoordinate

PO I % ‘w

‘1(W- c, %-c
PI

-k3 k3

P~ -klvw ‘w

‘-%-cP~ %?. k3

.

/

.— —— —. ——— ----- .—...-.-— -.—
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RegionVIIIis
becauseofthe

influencedby thewingtip
flowinclinationcausedby

onthelefthalf-wing,which,
sideslip,hasthecharacter-

isticsofa subsonictrailingedge. In&muchasapplicationof the
Kutta-Joukowskiconditionatthetipisdesired,equation(C2)xnusthe
usedtoobtainf(~,vw) forthisregion.Uponsubstitutionof the
appropriatelimitsandrelationsinequation(c6) the rmessurecoef-.-
ficientinregionVIIIisgivenby -

a..

J-k3
(kl+ l)dv

(CM )

1(% + W)(%T - v)

Performanceofthe
ofequations(AM)

integrationindicatedineqyation(CL5)andapplication
yields

2k1B

r)
-+y

~kl+l
(%)- = ~ ~ *-’

cosl!(l-Btanf!)2

(). ()
~(1-B’tif3~- l+~(B+tm@)y.

klBbl+k3
COE2~(l-Btg.n!3)

(c16)

V ,-Theexpressionforthepressuredistributionfor
regionII seefig.7) hasbeenderivedinappendix,A(eq.(A19)).For
purposesofcompleteness,equation(A19)isgivenbelowinthenotation
usedinthisappendix.

&

p+j,,.: ~ cos2~(l+B k $) )Y

[

+

, (l+ Bta L3) 1[ 1--$1 -Btan 13)x+ (B-ti13)+JL(B+tip)y

‘1L(l+Btan~)-#l- .1 L J
Btip)x+ (B-fxIIIp)+~’(B+tip)Y

%’ -%)
%

2B
)Ycos2f@+ B k ~

.

(c17)

.

,, . . . .. .. . . ,_ ..._- _-->_ .-————. —. ——.—... - —-— . . _ ...— . .
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DERIVATIONOF

FORWINGS

Equationsforthe

APPENDIX D (
..

EQUATIONSFORTHEPRESSUREDISTRIBUTION

WITHBOTHLEADINGEDGESSUPERSONIC

pressuredistributionforwingswithbothleading ‘
edmessuwrsonicarederivedinthisappendix.Theplanformundercon-
si~erati~nisshowninfigure8. ThemethodusedinappendixC for
derivingthepressureformulasisalsoappliedtothisnewclassof
wings. Ac-, regionsIV,.VT,andVZII(seefig.7)havealready
beentreatedina~dix C. Thefo~s forthepressurecoefficients
sregivenby eqyations(c8),(CI..2),and (c16). Correspondingresfits
fortheremainingwingregionsarederivedinthisappendixby using
equations(AM)ofappentiA andequations(C2),(C3),and (c6) of
appendixC.

RegionIX.- RegionIXisthehatchedportionofthewingshown
below.

t
“o

-,

.— .— ...— — —.—--- .— .. -. —--- . . .
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tion

Point u coordinate -v coordinate

o 0 0

Po % ‘w

PI %, -%P2

P2 -klvw ‘w

InasmuchasregionIXisnbtinfluencedby eitherwingtip,equa-
(C2)givestheproperformof f(%%) forthisregion.

Substitutionofproperlimitsandrelationsintoequation(c6)
givesthefoll&@g

()Cp Ix= 2a

equationforthepressurecoefficient:

k2+l

1& J’‘w+= o

$
(kl+ l)dv

/(% ‘ %V)(VW-v)

(Dl) ,

Performanceof.&eintegrationindicatedinequation(Dl)andappli-
cationof equations(Al!3)yields

(%)*=g* ...-1 [
~(l+Btan~)- (1-,13 ti13TJx +[~(B-ti p)+(J3+*PjY

+

[ 1[~(l+Btan FJ)+(l-Btm P)x+~(B -~p)’ (B+’tan@

[
(l-Btaf3)- 1’[kl(l+Bt.m P)x - (B+tm~)+kl(B - tanP]y

[ 1[ 1kl(l+Btan j3)+(l-Bt=P)x + kl(B-ti P)-(~+~P)y

#,-

(M?)

.

,—. —— -.-——. . .. .—.-. . — -——.— . .. ——.— —.. .— -—. .—.— .. --— .- —--- -



NACATN 2898

RegionX.- RegionX isthehatchedportionofthewingshown
beluw.

o,

Point u coordinate v coordinate

o 0 0

Po % ‘w

PI ,% -%/k2

k3(vw- d) -
k3(~w-d)

‘2 kl

P~ k3(vw-d) ‘w

SinceregionX isinfluencedby therightwingtip,thepropervalue
of f(u#w) .isgivenbyequation(C3).Substitutingtheapprop~iate

“

4--

/43(w-d)

.

,

.—___ ——_ . . — —. .. . . . . . . — ._ _ . ... . .
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limitsandrelationsintoequation(c6) gives the followingequation
forthepressurecoefficientinregionX:

(%)x= J’%7

o

k2+l
— du
k2

+
(kl+ l)dv

/(%?+ kl~)(vw- v)

+

(D3)

Performanceofthe
ofequations(AM)

integrationin~ca%d inequation(D3)andapplication
yields

[
~(l+Btm ~)- (1-BtifJjJx+[i(B-ti p).+(B+ti13jJY

(~lxu%~cO”-’ ~2(l+Bti p)+(I-B tiPjx+’[~(B-*P)- +
(B+ tan13jjy

()(L+Btaup)x+ 1+ ~(B-i%n~)y- EII
klCOS2B(1 + B tan~)

2B
r) Y

cos2~(l+ B tan13)Z -

+

-. . ..-. .. —..- —.. —.—. —- .— ——.-—--—— —— -.—— .-. _ ———. ... .---— —. ..- -. —-.. -—
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RegionXI.- RegionXIisthe
below.

u

Point

NACATIT

ofthewingshown

-d)

u coordinate

%?

‘-%

k3(vw- d)

I P~ I k3(~w-d)

v coordinate

, ‘w

-%/%2
k3(vw- d)

%2

As region~ isinfluencedby
correctformof f(~,vw)is

thewing
givenby

tip ontherighthalf-wing,the
equation(C3). Substitutionof

.

b

1

-.



1

I

,
,“
$

f

I

t
I

I

I

1

I

t

I

i

I
I

,

{

I

I

i

I

1

the proper limits ad
coefficient In region

-.

relation into equation (c6) gives the feting equation for * pressure z
XI:

Performance of the Intagratlon
yields ~ ,,

indicated in equation

tea~)+l@+BtamB]x-

.

(D.5) ad application of’equationa (AM )

L.
,,

J

(I%)

.’
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Region~1.- RegionXIIisthehatchedportionofthewingshown
%elow.

u

I Point I u CoorainatiI v coordinateI
PO

I
% ‘w

.

.

_. ——_—. . .._ ___ ——— —.— —.. —._______ . . . _______ .- -.. . .
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Inasmuchasre@on XIIisnotinfluencedby eithertherightorleft
wingtip, equation(C2)givesthecorrectvaluefor f(%)~w)” ~
propersubstitutionsof ~ts andre~tionsintoequation(c6) give
the followingequationforthepressurecoefficientinregionICC:

(%) _ 2a

,[
(k2+ qdu‘ J~XH k#hr -~ITW (%

Performanceoftheintegrationindicatedh eqmtion(D7)yields

47

(D7)

(D8)

RegionXIII.- RegionXIIIisthehatchedportionof thewingshown
below.

,

,

.—. . -———---. .— ..— — ———-..._. ——_. ___ ——--.. — . . -.-— . —. . ..



.

I Point I u coordinate v coordinateI

1’P() I % I I
-%2(%- ‘) %-c

k3 k3

.

RegionXIIIis‘influencedby theleftwingtipwhich,becauseof
theasymetricflowcausedby thesidesllp,hasthecharacteristicsof
a subsonictrailingedge. hasrmchastheKutta-Joukowskiconditionis
tobe satisfiedatthistip,thecorrectformof’f(%vw) isgivenby

.,
equation(C2).

ThestistitutionofappropriateMmitsandrektionsintoequa-
tion(c6) givesthe fo~ equationforthepressurecoefficientin
regionXIII:

.

J’-U.#-c

(%) =4a~ ‘3
(q + l)dv

(D9)
XIII ZEk -VW

I(N + k2Ww - v)

Performanceoftheintegrationindicatedineqpa.tion(D9)andtheappli-
cationofequations(A15)yields

i

1:.-

(D1O)

.

—- —-. .—... —.— -—.— -.—. .——.— . . ..— .——.._—— ———-— — .- —.———. ..- --
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portionofthewingshown

.

u
\

\

Point u coordinate v coordinate

o .0 0.

‘o uw -vw

PI -%(% - ‘) % -c
k3 k3

P~ -klvw ‘w

% -c
‘3 % k3

.. . ... ___ .— - —. — . . -..—- _______ .—. —_.. _____ _____ ______ _____ -.~-
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.

RegionXIVisinfluencedby theleftwingtip. Inasmuchasthe
Kutta-Joukowskiconditionisimposedatthistip,equation(C2)gives
thecQrrectformof f(~,vw). Substitutionof theproperlimitsand
rektionsintoequation(c6) givesforthepressurecoefficientin

. —

(Dll)

Performanceofthetitegrationindicatedinequation(Dll)andappli-
cationofequations(ti)yields

/

() ()1+$(1 -Bte@x- l+&B++=~)Y -
QbB

~-1 cos2@ - B tan~)

cos2~(l-B b 13)

(D12)

b

__—. .- —.. . ... . . ——- . -.—— -— —.
.——. —

—
. —
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TABLEI

INDEXTOPRE5SURECOEFFICIENTSFOR

VARIOUSWINGREGIONS

Wingregionl Equationfor ~ Page

I (M) 13

II (A19),(C17) 16,39

III (A26) 18.

Iv (c8) 32

v (Clo) 33

VI (c12) 35

VII (C14) ~ 37

VIII , (c16) 39

IX (D?) 41

x , (D4) 43

n (D6) 45

m (D8) 47

XIII (D1O) 48,
m“’ (D12) 50

‘%hg regionsare identifiedinfigures4,7, 8,and9.
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